The dynamic conductivity σ(ω) of graphene in the presence of diagonal white noise disorder and quantizing magnetic field B is calculated. We obtain analytic expressions for σ(ω) in various parametric regimes ranging from the quasiclassical Drude limit corresponding to strongly overlapping Landau levels (LLs) to the extreme quantum limit where the conductivity is determined by the optical selection rules of the clean graphene. The nonequidistant LL spectrum of graphene renders its transport characteristics quantitatively different from conventional 2D electron systems with parabolic spectrum. Since the magnetooscillations in the semiclassical density of states are anharmonic and are described by a quasi-continuum of cyclotron frequencies, both the ac Shubnikov-de Haas oscillations and the quantum corrections to σ(ω) that survive to higher temperatures manifest a slow beating on top of fast oscillations with the local energy-dependent cyclotron frequency. Both types of quantum oscillations possess nodes whose index scales as ω 2 . In the quantum regime of separated LLs, we study both the cyclotron resonance transitions, which have a rich spectrum due to the nonequidistant spectrum of LLs, and disorder-induced transitions which violate the clean selection rules of graphene. We identify the strongest disorder-induced transitions in recent magnetotransmission experiments. We also compare the temperature-and chemical potential-dependence of σ(ω) in various frequency ranges from the dc limit allowing intra-LL transition only to the universal high-frequency limit where the Landau quantization provides a small B-dependent correction to the universal value of the interband conductivity σ = e 2 /4 of the clean graphene.
I. INTRODUCTION

Since its discovery in 2004,
1 the two dimensional carbon allotrope -graphene -is attracting outstanding interest in the condensed matter community. It has been verified that carriers in graphene show a linear dispersion relation with Fermi velocity v 0 ≈ 10 6 m/s and are governed by the massless Dirac equation. 2, 3 Due to the carriers' Dirac nature, graphene shows remarkable properties. The clean density of states (DOS) is linear in energy and vanishes at the Dirac point, ν 0 (ε) = |ε|/2πv 2 0 ( = 1). The absence of scales at the Dirac point gives rise to a universal dc conductivity of the order of the conductance quantum. The universal high-frequency conductivity σ = e 2 /4 yields the constant absorption coefficient of 2.3% which makes graphene attractive for broadband optical applications. 4 The nontrivial topology of graphene leads to the characteristic half-integer quantum Hall (QH) effect 5 and to the nonequidistant Landau level (LL) spectrum including the unusual zeroth LL at ε = 0.
6 Due to the large cyclotron energy ω c = v 0 2eB/c compared to conventional 2D electronic systems (2DES) the QH effect can be observed up to room temperature. 7 Recent rapid developments demonstrate great potential of graphene in optoelectronics. [8] [9] [10] [11] [12] From this perspective, the application of a quantizing magnetic field creates a suitable environment for applications in e.g. laser physics. 13 The quantization introduces a tunable energy scale in the otherwise scale-free graphene, while the nonequidistant LL spectrum makes it highly selective in the frequency domain.
While experimental data on quantum magnetooscillations in graphene is limited (although growing), [14] [15] [16] [17] there are comprehensive studies of related phenomena for semiconductor 2DES where the effects both near and far from equilibrium have been extensively studied. 18, 19 In the linear response regime, quantum magnetooscillations in the ac conductivity were theoretically predicted 20, 21 and observed 22 already in the seventies. In Ref. 23 the theory was generalized to high mobility 2DES with smooth disorder potential; the findings are also confirmed in recent experiment. 24 This work is (i) motivated by experimental and technical advances in the graphene research and (ii) generalizes the theory on quantum magnetooscillations in the conventional 2DES mentioned above. We study quantum oscillations in Landau quantized graphene in the presence of disorder. Previous theoretical works on the magnetoconductivity in graphene accounted for the disorder in terms of a phenomenological broadening in the single-particle spectrum [25] [26] [27] or focused on the dc magnetoconductivity. 28, 29 The optical conductivity has also been studied for vacancies within the Tmatrix approximation. 30 Here we perform a systematic calculation of the dynamic magnetoconductivity within the self-consistent Born approximation (SCBA).
The paper is organized as follows. In Sec. II we outline the model of the SCBA in graphene and present re-sults on the spectrum of disordered graphene in a magnetic field, in the semiclassical as well as in the quantum regime. Further details on the calculation of the density of states can be found in Appendix A. Section III presents the formalism for the calculation of the dynamic conductivity. The following Secs. IV and V are devoted to the dynamic conductivity in the regimes of strongly overlapping and well-separated LLs respectively. In Sec. VI we calculate the high-frequency conductivity of a moderately disordered graphene. The summary of results is presented in Sec. VII. Details on the calculation regarding Secs. IV and V can be found in Appendix B.
II. LANDAU LEVEL SPECTRUM WITHIN SCBA
In the following we assume that disorder does not mix the two valleys in graphene and therefore calculate all quantities per spin and valley. Correspondingly, to get the full conductivity of graphene one should multiply the results for conductivity below by the degeneracy factor of 4. In the presence of a constant magnetic field in zdirection the electrons in a single valley of clean graphene are described by the 2D Dirac equation
Here we have chosen the Landau gauge for the vector potential A. The vectors r = (x, y) T ,ˆ x = (1, 0) T , and σ = (σ x , σ y ) denote the Pauli matrices. The positions of the Landau levels (LLs) in clean graphene are given by E n = sign(n)ω c |n| , n ∈ Z .
The optical selection rules of the clean graphene allow transitions from the LL n to m if
therefore enabling both intra-[sign(n) = sign(m)] and interband [sign(n) = sign(m)] transitions. Since the LLs move closer at higher energy, it is convenient to introduce a local cyclotron frequency
that is, the distance between neighboring LLs. In high LLs, n 1 (ε ω c ), it approaches the quasiclassical cyclotron frequency of a massless particle
The disorder is included into the self-energyΣ which enters the impurity averaged electronic Green's function
Within the SCBA, 28,31 the self-energy is given bŷ Σ νµ = d q (2π) 2 W νησµ ( q) e +i q·ˆ rĜ ησ e −i q·ˆ r .
Weak disorder is characterized by the disorder correlator W ( q) which in the case of graphene is generally a fourth rank tensor in valley and sublattice space. Here we consider short-range impurities which do scatter between the sublattices but do not produce any intervalley scattering. In a given valley, this gives diagonal white noise disorder with the correlator
characterized by a single parameter α 1. For the diagonal disorder, the self-energy is independent of the LL index and becomes diagonal in the sublattice space; still, it carries an asymmetry between the sublattices a and b,
The asymmetry is due to the fact that -in a given valley of the clean graphene -the wave function of the zeroth LL resides in one sublattice only. In what follows, we choose the valley such that the wave function of the clean zeroth LL resides in the sublattice b. The SCBA equation (7) for disorder with the correlator (8) acquires the form
Away from the zeroth LL the difference between the two self-energy components is negligible, Σ a Σ b , [see discussion under Eq. (16) and Fig. 1 ] yielding
Apart from specifics of the zeroth LL due to its pronounced sublattice asymmetry, one can consider two limiting cases we address separately below: (i) clean, or quantum limit, when the disorder-broadened LLs remain well separated and (ii) dirty, or classical limit when LLs strongly overlap almost restoring the linear slope of the DOS at B = 0. Unlike conventional 2D systems with parabolic spectrum, in graphene the two cases (i) and (ii) frequently coexist: LLs, well separated near the Dirac point, start to overlap at higher energies where the local cyclotron frequency (5) strongly reduces compared to ω c .
A. Separated Landau levels
We start with the limit of well separated LLs. In this case, the main contribution to the self-energy at energy ε comes from the states in the nearest LL of the clean graphene to which we assign the integer number N closest to ε 2 /ω 2 c . LLs with index n = N contribute to logarithmic energy renormalization as detailed below.
For N = 0, the sublattice asymmetry can be neglected, and the solution to Eq. (11) for the retarded self-energy reads [the advanced self-energy
where the width of the N th LL
and the condition of applicability is Γ N ω N . Apart from the usual renormalization of energy by the factor of 2 inside the LLs, 21, 31 in graphene the energy gets additionally renormalized according tõ
Here the renormalization constant is
and ∆ c is the high energy cut-off of the order of the band width. Within the SCBA, the additional logarithmic correction describes the influence of states in distant LLs [n = N in Eq. (10)], similar to renormalization group (RG) corrections. 5 For the type of disorder we are investigating here, the SCBA corrections without magnetic field are known to be in quantitative accordance with RG calculations.
5 Apart from the additional logarithmic renormalization and from the nonequidistant spectrum E N of clean LLs, Eq. (12) reproduces the well-known semicircular law obtained by Ando for 2DES with parabolic spectrum. 21, 31 From the requirement α ln(∆ c /|ε|) 1, we obtain that the results are justified for energies above the exponentially small energy scale ∆ c e −1/α . In the vicinity of the zeroth LL, N = 0, one needs to take into account the explicit sublattice asymmetry. Equation (10) yields the self-energies
The width of the zeroth LL in both sublattices is
the factor √ 2 comes from different degeneracy of the zeroth LL -the total number of states N tot = L 2 /2πl 2 B is the same in all LLs, but in the zeroth LL all these states reside in one sublattice. We observe that only a small amount of the spectral weight ∝ 1 − Z(E 1 ) ∝ α 1 is scattered into the afore empty sublattice a. At the same time, the strong renormalization of energy by the factor of 2 related to the high degeneracy of clean LLs in Eqs. (12) and (16) is absent in Eq. (17) . Only the logarithmic renormalization due to distant LLs with n = 0 remains.
B. Overlapping Landau levels
In view of the condition α 1 of weak disorder, the regime of strongly overlapping LLs is realized at high energies ε > ε ov ω c / √ α ω c . Indeed, the LL number N ov where LLs start to overlap is given by the condition Γ N ω N which gives [see Eqs. (2), (4), and (13) ]
Accordingly, we assume Σ a,b Σ and use the Poisson summation formula to rewrite Eq. (11) into a rapidly convergent sum in the Fourier space [see Eq. (A1)]. The small parameter that controls such an expansion is the Dingle or coherence factor
which is the analog of the Dingle factor δ = e −π/ωcτq in 2DES with parabolic spectrum and describes the smearing of quantum oscillations in the disordered system. To zeroth order in λ, we obtain a broadening of the singleparticle states at B = 0,
with the energy-dependent quantum scattering time given by
The renormalization constant Z(ε) which defines the renormalized energyε = ε/Z(ε) is given by Eq. (15) . To first order in λ 1, the self-energy acquires the form
C. Density of states
The DOS per spin and valley ν(ε) = −Im tr G R ( r, r, ε)/π in the case of white noise disorder is given by
The DOS in the sublattice b obtained numerically from the SCBA equation (10) is plotted in Fig. 1 as the thin line. Separated LLs show a semicircle DOS, see Eqs. (12) and (16) . The dashed line for the DOS in the sublattice a shows that (i) in the zeroth LL the DOS transferred into the sublattice a is small and vanishes if disorder is turned off, see Eq. (17) and (ii) at higher energy the DOS (self-energy) in both sublattices is approximately equal. Finally, the thick line, calculated according to Eqs. (23) and (24) , illustrates the limit of strongly overlapping LLs corresponding to large ε ε ov (which gives λ 1). (23) and (24) . It is in good agreement with the numerical results for high energies.
D. Semiclassical regime
Here we address the semiclassical regime of high LLs in graphene, N 1, additionally assuming that these levels strongly overlap, ε ε ov ω c / √ α. The aim is to provide a link to the the results in the correspondent parabolic band with effective energy-dependent mass such that the local characteristics of graphene and conventional 2DES with such parabolic spectrum at high LLs are identical.
In the limit λ → 0, Eqs. (21) and (24) yield the B = 0 renormalization of the clean DOS ν 0 by disorder
According to Eq. (23), the correction ∝ λ reads
The energy renormalization induced by the Landau quantization shows similar (but phase-shifted by π/2) oscillations
Apart from (i) the large-scale logarithmic renormalization (25) which is specific for the linear spectrum of graphene and (ii) a phase shift related to a nontrivial Berry's phase of graphene the local characteristics of graphene and 2DES with parabolic spectrum at high LLs are identical as expected. Namely, quasiparticles in graphene at energyε close toε * ω c behave equivalent to massive electrons with mass, energy, and cyclotron energy given by 
. If one additionally introduces the renormalizedτ q (ε) = τ q (ε)/Z(ε) = 1/πα|ε|, equation (26) transforms into conventional expression for parabolic band, specifically,
III. DYNAMIC CONDUCTIVITY Below we calculate the dynamic conductivity of disordered graphene in the presence of a quantizing magnetic field. We use the Kubo formula for the real part of the diagonal conductivity
to calculate the magnetoconductivity in the linear response. Here f ε is the equilibrium Fermi-Dirac distribution function, and the conductivity kernel is given by
(35) From the Hamiltonian (1), the current density operator
where L is the length of the system. Due to the linear spectrum the current operator does not depend on the magnetic field. Since the two valleys are decoupled, we calculate the conductivity per spin and valley. The effect of the disorder averaging in Eq. (35) is twofold: (i) the bare Green's function is replaced by the impurity averaged Green's function (6), (ii) the summation of the diagrams 11(c) leads to vertex corrections to the current operator (36) . In 2DES with parabolic spectrum and white noise disorder, the vertex corrections are absent. By contrast, in graphene the vertex corrections are present for the diagonal white noise disorder as well. They originate from the nontrivial Berry's phase of Dirac fermions. We present details on the calculation of the conductivity including vertex corrections in App. B. As expected, we find that in the quasiclassical regime of strongly overlapping LLs the vertex corrections give rise to the replacement of τ q by the transport scattering time τ tr = 2τ q in the Drude part of the conductivity, see Eq. (41) below, while the quantum time appears only in the quantum corrections related to the Landau quantization. In particular, τ q enters the Dingle factor λ, see Eq. (20) .
IV. OVERLAPPING LANDAU LEVELS
In this subsection we consider the case of highly doped graphene with the Fermi energy ε F ω c , ω. Therefore, only intraband processes are possible and one can neglect the sublattice asymmetry in the self-energy. It follows that the conductivity in this regime should not change in the presence of intervalley scattering. Using the continuity equation, the conductivity kernel (35) is expressed in terms of density-density correlators Π. Their general form is given in Eq. (B14), which simplifies to
if the sublattice asymmetry is absent. Here we introduced the chiral Green's functions
In the following we write ε forε for brevity. In terms of the Π-correlators, the kernel (35) acquires the form
As previously, we use the Poisson formula to rewrite the sums occurring in Eq. (37) as rapidly convergent sums in the Fourier space. With the self-energies for overlapping LLs from Eq. (23), we obtain
We organize the following analysis in orders of λ. Details of the calculation are presented in Appendix B.
It follows from Eq. (23) that to zeroth order in λ only the RA-sector of Eq. (40) contributes to the conductivity for the intraband processes. For ω = |ε 1 − ε 2 | ε F the kernel (39) has a Drude form with the energy-dependent broadening (22) and local cyclotron frequency (5) . If the temperature T ε F , these parameters can be evaluated on-shell. The conductivity
Due to the vertex corrections the transport scattering time τ tr = 2τ q replaces the quantum scattering time as explained in App. B. The Drude weight D for Dirac fermions is
which produces the standard Drude weight D = e 2 ε eff in the correspondent parabolic band, see Eq. (29) . The Drude part of the conductivity in graphene was also obtained in Refs. 32 and 33. Without magnetic field the Drude form has been confirmed experimentally 34 though deviations (possibly due to interactions) were also observed.
On top of the semiclassical Drude conductivity quantum oscillations are superimposed. There are two major and competing damping mechanisms present. Finite T leads to the thermal damping of the Shubnikov-de Haas (SdH) oscillations in the ac-and dc-response. Scattering off disorder also smears quantum oscillations and this is captured by the coherence factor λ. The latter mechanism is dominant for T below the Dingle temperature T D = 1/2πτ q .
35
The leading order quantum corrections which are strongly damped by finite temperature describe SdH oscillations in the dynamic and dc conductivity. The corresponding contribution to the kernel
where we used the abbreviation a ± = τ tr (ω ± ω loc c ). The first term in Eq. (43) is produced by the quantum correction to the DOS, Eq. (26), while the second term accounts for the energy renormalization, Eq. (27) . The first term is dominant away from the cyclotron resonance, see Fig. 2 . In this case a ± 1, and the kernel (43) acquires the form 
, where a± = τtr(ω ± ω loc c ). All curves are calculated for εF /ωc = 6 and α = 0.01. Away from the cyclotron resonance, a± 1, the subleading effects due to the energy renormalization (thin lines) can be ignored.
This form of the kernel is expected from a golden rule consideration where the conductivity (in the classically strong field, a ± 1) is determined by the product of initial and final DOS ν(ε)ν(ε + ω). To first order in the coherence factor λ, this yields
ε F we evaluate the smooth functions σ D,± and λ on-shell but keep the energy dependence in the rapidly oscillating parts while calculating the conductivity (34) . The asymptotics of the resulting Fresnel integrals provides a reasonably simple expression for the correction to the Drude conductivity away from the cyclotron resonance at T = 0,
Equation (45) describes SdH oscillations in the dynamic conductivity illustrated in Fig. 3 . The fast harmonic oscillations with the local cyclotron frequency ω (loc) c are similar to those known for systems with a parabolic spectrum except for the absence of the vacuum shift due to the Berry's phase of Dirac fermions and hence a shift in the zero of energy to ε F /2 − ω (loc) c . However, the magnetooscillations in Fig. 3 further show a slow modulation on the scale of the cyclotron frequency ω c at the Dirac point. This beating in the quantum oscillations is due to the difference of the cyclotron frequencies at the initial and final state of the optical transition. Remarkably, the quantum oscillations show nodes stemming from destructive interference of the density of states in the initial and final state. If the Fermi energy ε F is situated in the center of a LL, the node occurs at Detuning of the Fermi energy from the center of the LL shifts the frequency nodes such that ε
Note that although we assumed ω ε F the frequencies in Eq. (46) are well within the range of our approximation for not too large k in view of ε F ω c . For the values of ω in Eq. (46) the DOS oscillations acquire a relative phase shift of approximately (2k + 1)π between ε and ε + ω due to the ε-variation of the period which leads to the destructive interference.
At T > T D , the temperature smearing dominates over the quantum mechanical smearing. However, there are additional quantum oscillations ∝ λ 2 that survive higher temperatures and become exponentially larger than SdH oscillations at T T D . They are well known for systems with a parabolic spectrum 21, 23 and originate from the terms in the RA-sector in Eq. (40) which do not oscillate with mean energy ε 1 +ε 2 but do oscillate with the energy difference ω ≡ |ε 1 −ε 2 |. Such ω-oscillations are insensitive to the position of the chemical potential with respect to LLs. Therefore, averaging over the temperature window according to Eq. (34) does not lead to additional damping in contrast to SdH oscillations. The relevant contribution at T T D is
Away from the cyclotron resonance, a ± 1, the quantum correction (47) acquires a simpler form,
The conductivity at high temperature T T D is plotted in Fig. 4 . Apart from the integer cyclotron resonance harmonics ω = nω loc c , n ∈ N, that have an analog in systems with a parabolic spectrum, we encounter again an additional modulation of the quantum oscillations due to the presence of multiple cyclotron frequencies. Since the temperature-stable quantum corrections ∝ λ 2 are insensitive to the position of the Fermi energy with respect to LLs, the positions of the nodes, ω/ω c = n/2, n ∈ N, are therefore solely determined by the probing frequency ω.
V. SEPARATED LANDAU LEVELS
We now address the quantum regime of well resolved LLs, which involves LLs with numbers |n| < N ov , see Eq. (19) . In the following, L K denotes the K-th LL.
Our results for the dynamic conductivity at T = 0 are illustrated in Fig. 5 . As long as LLs are separated, the conductivity is the sum of contributions from individual transitions between L K and L M . Despite LLs are separated, the corresponding peaks in σ(ω) overlap. Indeed, some transitions are degenerate (for instance Fig. 5 ). In other cases, the excitation energies for different transitions may become close to each other due to the nonequidistant spectrum of LLs.
From the Kubo formula (34) we find that to leading order in Γ/ω c the conductivity kernel is proportional to the density of the initial and final states. In this section, we neglect the renormalization of the energy described by Z(ε), Eq. (15), assuming that the contribution of states with energies |ε| < ∆ c e −1/α is negligible. We thus put Z(ε) = 1 in Eqs. (12)- (18), which gives ImΣ R a = 0 in Eq. (17) . Using Eq. (24), we obtain the partial DOS
in either sublattice a or b for K = 0, and
residing in sublattice b for K = 0. The total DOS, including both valleys, spin components and sublattices is given by 8ν K =0 for K = 0 and by 4ν K=0 for K = 0. The width of the individual resonances is then 2(Γ N + Γ K ), determined by the width of the DOS in L K and L M . In the following we distinguish the cyclotron resonance peaks, ||K| − |M || = 1, from the disorder-induced peaks, ||K| − |M || = 1. The latter vanishes if the disorder is switched off, while the former survive as they respect the clean selection rules in graphene.
Using ω c Γ for the Π-correlators (40), we cast the conductivity (34) in the form
where σ 0 = e 2 /4π 2 and c K = 1 + δ K,0 , see App. B and C for details. The coefficients
for the cyclotron resonance transitions; for the disorderinduced transitions not involving the zeroth LL (||K| − |M || = 1, K = 0 and M = 0), (53) finally, for the disorder-induced transitions involving the zeroth LL (||K| − |M || = 1, K = 0 or M = 0)
The functionF KM in Eq. (51) describes the shape of the peaks in the conductivity; its general form is given in App. C, see Eq. (C5). In the case of the disorderinduced transitions ||K|−|M || = 1, the vertex corrections are negligible: the conductivity kernel can be calculated using the bare polarization bubble and depends on energy only via the product ν K (ε)ν M (ε + ω). Correspondingly, for ||K| − |M || = 1 the functionF KM in Eq. (51) is reduced to the bare F KM F KM , given by
see Eq. (C1). At high T Γ and K = M , the distribution function can be considered smooth on the scale Γ; Eq. (55) reduces to where we denote
The function F KM is given by Eq. (C3), see also Fig. 6 . For T Γ and K = M (intra-LL transitions),
where N is the LL closest to the chemical potential µ. In the case of disorder-induced transitions, the conductivity vanishes in the clean limit Γ → 0. For the cyclotron resonance ||N | − |M || = 1, the vertex corrections are important leading to a more complicated ε-dependence of the kernel; the corresponding functions F andF entering Eq. (51) are given in App. C. The behavior of the functions F andF is illustrated in Fig. 6 . The figure shows that the vertex corrections reduce the strength and width of the cyclotron resonances.
We now discuss several limiting cases which describe the rich pattern of resonances in Fig. 5 .
A. Intra-Landau level transitions
We start with the case ω Γ enabling only intra-LL transitions. This includes the dc limit ω → 0 and two distinct temperature regimes: a) Fig. 5 . a) When the temperature is the smallest scale, T Γ, only the level L N , determined by the position of the chemical potential, contributes. The conductivity (51) becomes (σ 0 = e 2 /4π 2 )
In the dc limit ω → 0, Eq. (58) acquires the form
Note that F is close to unity for small frequencies, hence the dependence on the disorder strength drops out for µ = E N . In this regime, the dependence σ ∝ τ −1 tr ∝ α characteristic for classically strong magnetic fields, ω N τ tr 1, is exactly compensated by the increased DOS inside the LL: the average of
With the help of the high T expression (57), the conductivity (51) reads
The summation limits are sent to infinity since the contribution of large energies where LLs overlap is exponentially small. In Eq. (60) the zeroth LL is special since its width is bigger by a factor of √ 2 and its oscillator strength is enhanced by a factor of two. However, its contribution is significant only for N = 0 and T ω c . Note that for all other levels (n = 0) the function F nn (ω/Γ n ) does not depend on the LL index n. We obtain three high T regimes:
b.1) For Γ T ω N only L N contributes, while the contribution from the levels farther away from the chemical potential is exponentially suppressed,
The conductivity σ ∝ T −1 is proportional to the slope of the Fermi function in L N , f 1/2 − (ε − E N )/4T . Note that the width of the peak in Eq. (61) for N = 0 is bigger by a factor √ 2 in view of Γ 0 = √ 2Γ. b.2) ω N T µ < ε ov : As µ T , the influence of zeroth LL can be neglected. Furthermore, at T ω N the sum in Eq. (60) can be converted into an integral, which gives
The conductivity in this regime is T -independent. b.3) For ω N , µ T < ε ov we obtain
where ζ(z) is the Riemann ζ-function. We observe that the temperature takes the role of the chemical potential in Eq. (62). The dc-limit ω → 0 of Eqs. (61), (62) and (63) is obtained using F N N (0) = 1, and hence shows the same dependence on µ and T .
The overall T -dependence of the dc conductivity (ω → 0) for T Γ is shown in Fig. 7 (for µ ω c ) and in Fig. 8 (for µ  Γ) . In both cases it shows a nonmonotonous temperature dependence. In Fig. 8 T -independent regime (62) is not present since the corresponding conditions cannot be met. At small T the contribution from L 0 dominates. It decreases due to thermal smearing within the zeroth LL. With increasing T the influence of L 0 decreases and the other LLs take over, which leads to an enhancement of the conductivity due to thermal activation of higher energy states. In Figs. 7 and 8 the shaded areas indicate the crossover to the regime (58), where the conductivity saturates at a µ-dependent value. The unusual T 3 and µ 3 dependence originates from the interplay between the energy dependence of the transition rates (53) and (54) and the level spacing (5). It is therefore special for Dirac fermions and hence graphene.
In the dc limit ω → 0, Eqs. (63) 
(65) Here f K are introduced below Eq. (56), and the functions F andF are given by Eqs. (C5) and (C6). For M = 0, K = −1 the occupation of L 0 drops out,
In Eqs. 
(67) For M = 0 or K = 0,
where the function F KM is given by Eq. (C2).
To make the result more transparent, we rewrite Eq. (67) for a particular set L −M → L M (M > 0) of mirror transitions and for T Γ,
The function F M M is illustrated in Fig. (6) . Since ω 2E M , it holds
We see that the strength of the disorder-induced transition is enhanced with increasing frequency ω ∝ √ M . Our results are illustrated in Figs. 5 and 9. The strongest response corresponds to the cyclotron resonances. Indeed, Eqs. In Fig. 9 we illustrate the T -dependence of the conductivity for µ = 0. The strength of the cyclotron resonance decreases to accommodate the increase of resonances at lower frequencies coming from thermal occupation of higher LLs with smaller local cyclotron frequency. In particular, at moderate T = 0.3 ω c the L 1 → L 2 transition becomes visible, while for higher T it is absorbed into the background formed by other transitions.
VI. SINGLE RESOLVED LANDAU LEVEL
We finally consider the specific case of relatively dirty graphene with only one resolved LL at zero energy L 0 within a quasi-continuum C. Due to the nonequidistant LL spectrum of graphene, this situation can still be realized for a moderately weak disorder strength, for instance, for α = 0.2, see Fig. 10 . In the quasi-continuum, LLs are strongly broadened by disorder such that the quantization is effectively absent. Additionally, we consider probing frequencies much larger than the cyclotron frequency, ω ω c , and assume ω T , hence the temperature is effectively zero. We then distinguish two types of processes: (i) transitions C → C within the continuum leading to a contribution to the conductivity σ CC and (ii) transitions C → L 0 and L 0 → C giving the contribution σ C0 . In the case of ω > |ε F | + Γ 0 , which means that we indeed probe L 0 , the total conductivity σ(ω) = σ C0 + σ CC is given by
Here the kernel for the transitions C L 0 reads
where ν K=0 (ε) is given in Eq. (50) and ν 0 (ω) = ω/2πv 2 F . The kernel describing the transitions C → C is given by
which leads, up to small disorder-induced corrections, to the well-known universal value of the high-frequency conductivity in graphene,
Multiplying the leading term in Eq. (75) by the degeneracy factor of 4, we obtain the clean conductivity σ = e 2 /4 at B = 0, where we restored Planck's constant for convenience. Without vertex corrections, the conductivity σ CC obtains a contribution of the order α, which is canceled by the vertex corrections. The resulting disorder-induced correction to the universal conductivity of the clean graphene is of the order α 2 . The kernel (73) leads to the correction
The total conductivity for ω > 2|ε F | is then given by
It is dominated by the universal background with a small quantum correction ∝ B stemming from the resolved zeroth LL. Despite its smallness, the correction ∝ B should be detectable in magnetooptical experiments since the background is B-independent. The differential signal
should provide an experimental access to the width of zeroth LL.
VII. SUMMARY AND CONCLUSIONS
We have studied the linear transport properties of a single-layer graphene in the presence of diagonal white noise disorder and a moderately strong perpendicular magnetic field. Specifically, we obtained analytic results for the ac conductivity both in the semiclassical limit of high Landau levels (LLs) and in the quantum limit of well separated LLs. In both cases, several transport regimes are identified for different relations between temperature, the external frequency, the LL separation, and the position of the chemical potential. Additionally, we studied a specific case of a single resolved LL within a quasicontinuum of states nearly not affected by the magnetic field. Here, we show that corrections to the universal value of the background interband optical conductivity in graphene should provide an experimental access to the effects of Landau quantization even in the limit of very weak magnetic field. The nontrivial topology of graphene, leading to the nonequidistant LL spectrum and to the unusual zeroth LL with strong sublattice asymmetry, makes its magnetotransport properties very different from conventional 2D electronic systems with a parabolic spectrum.
In the spectrum of graphene, both the quasiclassical regime of strongly overlapping LLs and the quantum regime of well-separated LLs can be realized simultaneously. Which states dominate the transport properties is determined by the position of the chemical potential, the disorder strength and the external frequency. Two extreme limits are (i) the classical limit of strongly doped (or dirty) graphene where the effects of Landau quantization are negligible and the conductivity is given by the Drude expression and (ii) the quantum limit where the dynamic conductivity is given by the set of delta-peaks with positions governed by the optical selection rules of the clean graphene.
In the disorder-dominated quasiclassical regime the Landau quantization leads to quantum corrections to the semiclassical Drude conductivity. Since in high LLs N 1 the DOS is almost periodic with the period ω loc c ∼ ω c / √ N ω c , the Shubnikov-de Haas (SdH) oscillations in the ac conductivity σ(ω) are nearly harmonic at ω ω loc c . At larger frequencies ω ∼ ω c , the nonequidistant spectrum of LLs leads to the beating of the SdH oscillations which exhibit nodes for ω/ω c = √ 2k + 1/2 (k ∈ N). Apart from the SdH oscillations, we also studied quantum corrections that survive at high temperatures (T T D ) where the SdH oscillations are strongly damped. These high-T oscillations also show a slow beating at ω ω loc c . The nodes in the high-T quantum oscillations are found to occur at ω/ω c = k/2 (k ∈ N).
In the quantum limit of well-separated LLs, the conductivity is dominated by the cyclotron resonance (CR) transitions between LLs with indices N and M obeying |N | − |M | = ±1. For T ω loc c , only a single transition L N → L M determines the conductivity. The spectrum of resonance peaks then strongly depends on the position of the chemical potential as seen in Fig. 5 . Here, Fig. 5(b) corresponds to the measurement reported in Ref. 15 . In particular, we can deduce the position of the chemical potential from the intensity ratio of the CR peaks. As for systems with a parabolic spectrum, the width of the individual resonance peaks for transitions between well-separated LLs, is given by 2(Γ M + Γ N ), (T Γ), while the width of the Drude peak in the semiclassical regime is given by 1/τ tr . However, in graphene the ratio Γτ tr = ω c / √ απ|ε| becomes energy dependent. The linear energy dependence of 1/τ tr has been confirmed in measurements of the cyclotron resonance line width in graphene stacks. 17 Apart from the cyclotron resonance, disorder enables transitions not respecting the clean selection rules in graphene. Their strength in comparison to the CR is a direct measure for the disorder strength. The most prominent disorder-induced transitions are those between mirror symmetric LLs for which we find σ ∝ ωΓ. The magnetoconductivity measurements reported in Ref. 17 , contain a resonance peak that we attribute to such a disorder-induced mirror transition, L −1 → L 1 (see Fig. 5 ). For high T , multiple transitions can be addressed simultaneously. We studied the dependence of the low-frequency conductivity on the chemical potential and temperature and found that σ ∝ µ 3 in the regime µ T and T ω loc c , whereas σ ∝ T 3 for T µ, ω c . In contrast, the conductivity scales with 1/T for T ω loc c . The cubic dependence is a consequence of the Dirac LL spectrum. Specifically, it is a consequence of the energy-dependent transition rate which scales with ω . Before closing the paper, we briefly discuss some of prospective research directions related to this work: (i) It would be very interesting to extend the experimental studies 15, 17 to the regime of overlapping LLs, where the beating of quantum oscillations should be observed, and to study systematically the dependence on temperature and doping discussed in Sec. IV. The disorderinduced optical transitions in the regime of separated LLs also deserve a detailed experimental study.
(ii) Theoretically, the effects of electron-electron interactions on transport and optical properties of graphene in moderate magnetic field, in particular, the interactioninduced damping of the magnetooscillations, is an interesting issue that has not been explored yet. Unlike conventional 2DES, in graphene interactions are generally strong and can directly affect the transport. Another peculiar property is that graphene supports fast directional thermalization 36 due to a forward scattering resonance in the electron collision integral 37,38 giving rise to effective photon energy conversion via carrier multiplication.
39,40
This has tremendous consequences for potential applications of graphene in rapidly developing field of graphene plasmonics and optoelectronics. [8] [9] [10] [11] [12] (iii) The results of the present work, which studies the linear transport response of graphene to ac and dc perturbations, serve a good starting point for studies of the nonequilibrium magnetotransport in strong ac and dc fields. First experimental work in this direction has reported the effects of heating of carriers by a strong dc bias on the SdH oscillations in graphene.
14 Just as different cyclotron frequencies lead to a modulation of the linear-response dynamic conductivity, they are expected to manifest themselves out of equilibrium as well. Especially near the Dirac point in graphene, the possibility to create nontrivial nonequilibrium steady states at moderate B and high T , including population inversion 41 leading to optical gain, 42 is tempting. From previous studies on semiconductor 2DES we know that nonequilibrium phenomena in moderate B are very sensitive to the details of disorder and interactions 43 which are not accessible from standard measurements. 19 Thus experimental studies of nonequilibrium magnetotransport phe-nomena in graphene combined with their adequate theoretical description should provide, in particular, valuable information about the nature of disorder and the role of interactions in electronic transport and relaxation which are still under debate.
Appendix A: SCBA equation
With the help of the Poisson summation formula the SCBA equation (11) is rewritten as the following equation for ε − Σ ε :
The coefficients of this quadratic equation also depend on the self-energies via
where β ∈ {R, A}. The real part of Θ ε is denoted as Θ ε and the imaginary part as Θ ε . We solve Eq. (A1) by iteration in λ. Furthermore, for high energies we make the replacement
Here ± refers to the retarded or advanced self-energy. To leading order in α the result is given in Eq. (23). First we set all terms proportional to λ equal to zero in Eq. (A1) and solve
where the renormalization constant Z from Eq. (15) has been used. Equation (A4) yields
This solution is reinserted for Θ into the oscillating part of Eq. (A1) and one obtains
The leading terms in Eq. (A6) yield Eq. (23).
Appendix B: Conductivity with vertex corrections
Vertex corrections
In this chapter we describe the SCBA in graphene and provide a detailed calculation of the conductivity in disordered LLs of graphene including vertex corrections.
W n,n2;m,m2 We use the basis of eigenstates of the clean Hamiltonian (1),
Here |n, k are the harmonic oscillator eigenfunctions with origin l 2 B k. The matrix elements of the current op-eratorĵ x in the basis (B1), (B2) are
where the coefficients c n =0 = sign(n) and c n=0 = √ 2. With the self-energy from Eq. (9) we obtain for the Green's functions in the case n, m = 0
For n = 0, the matrix element of the Green's function is
The disorder correlator in graphene is defined as
where V is the matrix of the impurity potential in the sublattice space. For diagonal white noise disorder we obtain for its Fourier transform the expression (8) . The matrix elements of the disorder correlator in LL basis are formally obtained from the operator expression for the SCBA self-energy (7),
This equation is valid for a generic disorder in graphene.
Here |ψ nk ν denotes the ν-th spinor component of the eigenstates (B1) and (B2). For the vertex diagram in Fig. 11(b) we exploit the relations between the LL indices in this diagram to evaluate the product of the phase factors nk| exp(i q ·ˆ r)|n k in the case of white noise disorder, Eq. (8). Using the solutions of the LL states in the Landau gauge for |n| > |n 2 |, we find
where L n α (u) are the generalized Laguerre polynomials. Using the orthogonality of L n α (u), we obtain the matrix elements for the diagram in Fig. 11(b) ,
The vertex function [ Fig. 11(b) ], to first order in the disorder correlator, can be expressed as (β, γ ∈ {R, A})
which gives
The Π-correlators are already for the case of overlapping LLs are given by Eq. (37) . Their general definition is
which can be written explicitly as
For Σ a = Σ b we recover Eq. (37) . A closed expression for Eq. (B15) can be obtained in terms of the Digamma function Ψ(z), which has been used in a similar context in Ref. 33 ,
Here Θ β (ε) is defined in Eq. (A2). Summing up all ladder diagrams, we obtain the dressed vertex
Conductivity bubble
The conductivity kernel K(ε, ε + ω) from Eq. (35) is the sum of all conductivity bubbles K βγ [see Fig. 11(d) ], where β, γ ∈ {R, A}. At B = 0, the dominant contribution away from the Dirac point and for intraband processes comes from the RA and AR bubbles while the RR and AA bubble give corrections of the order of the conductance quantum that are usually neglected. 44 At B = 0, all four contributions are important.
Without vertex corrections each bubble in Fig. 11(d) is given by the expression
It is straightforward to rewrite this in terms of the Π-correlators.
which in the presence of vertex corrections turns into
Taking into account all diagrams from Fig. 11(d) we obtain for the conductivity kernel,
a. Overlapping Landau levels
In the regime of overlapping LL, the density-density correlators (B15) are calculated using the Poisson formula. Using the abbreviation Θ
2 , we obtain
for the correlators (B15). Next, we neglect the second term in Eq. (B22) since it is small for energies ε ω c . The sum is dominated by the terms with k = 0 and k = ±1 due to the presence of the coherence factor λ k , Eq. (20) , in each term in the sum of Eq. (B22). The corresponding three integrals yield
From the self-energy (23) we deduce that one may replace sign Im ε − Σ R ε 2 → sign(ε) and we obtain the result (40) from the main text.
Let us turn to the conductivity including the vertex corrections. Again, using the explicit form of the selfenergies, Eq. (23), and expanding the correlators to leading order in the coherence factor λ, we obtain the Drude
The corresponding kernel (39) without vertex corrections reads
If we include the vertex corrections we obtain
where we introduced the transport time τ tr = 2τ q . The factor 2 in the transport time can be understood within the Boltzmann theory from the Dirac factors (1+cos φ k,k ) coming from the scattering matrix elements in addition to the transport factor (1 − cos φ k,k ) in the definition of the transport and quantum scattering time,
Here φ k,k is the angle between the initial and final direction of momentum. In the case of diagonal disorder, Eq. (B27) gives
From Eq. (B26), we obtain the result from Eq. (41) for the conductivity, which in the dc limit turns into
The higher order corrections in λ yield results for the SdH oscillations and quantum corrections presented in the main text.
b. Separated Landau levels
Since LLs are separated and the kernel (B21) is proportional to the product of the DOS at energies ε and ε + ω, the conductivity (34) can be written as
Comparing Eq. (B30) with Eq. (51), we identifỹ
where the factors P (K, M ) are given by Eqs. (52)-(54). Without vertex corrections taken into account, Eq. (B31) reduces to 
where we introduced the detunings from the center of the LLs δ 1 = ε − ε K and δ 2 = ε + ω − ε M and used Γ/ω c 1. The density of states ν K is given by Eqs. 
In the case K = M of intra-LL transitions, Eq. Using the expressions (B33)-(B37) for the Π-correlators in Eqs. (B31) and (B32), here we derive the explicit expressions for the functions F, F andF,F describing the shape of the conductivity peaks in the regime of separated LLs.
For K = M (inter-LL transitions) and T Γ, we obtain for Eq. (B32), 
for the function (55). Here δω = ω − E M + E K and δµ = µ − E K . In the case K = M and for T Γ, Eq. (B32) yields The functions entering Eq. (56) high T Γ are
In the case K = M (intra-LL transition) Eq. (C3) turns into
which can be expressed in terms of elliptic integrals, see e.g. Ref.
45. 
where an additional energy dependence enters in the denominator of the integrand in accord with Eq. (B33). This energy dependence also enters the functioñ
from Eq. (57) for T Γ. Figure. 12 illustrates the function F 01 , Eq. (C1), for T Γ. The arrow indicates the change with increasing chemical potential from µ = −Γ 0 to µ = +Γ 0 . The function F 01 (F 01 ) shows an overall increase from µ = −Γ 0 to µ = +Γ 0 followed by a decrease if the chemical potential jumps into the first LL and increases further, see Fig. 13 . Figure 14 compares the functionF 01 , Eq. (C5), to F 01 . We observe that the vertex corrections included inF reduce the strength and width of the cyclotron resonance similar to functions F KM andF KM illustrated in Fig. 6 . Figure 15 shows the function F 11 , Eq. (C2), for T Γ and different chemical potentials.
